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Abstract 

It is shown that quantized irreducible flag manifolds possess a 
canonical (/-analogue of the de Rham complex. Generalizing the well 
known situation for the standard Podles' quantum sphere this ana- 
logue is obtained as the universal differential calculus of a distin- 
guished first order differential calculus. The corresponding differential 
d can be written as a sum of differentials d and d. The universal dif- 
ferential calculus corresponding to the first order differential calculi d, 
d, and d are given in terms of generators and relations. Relations to 
well known quantized exterior algebras are established. The dimen- 
sions of the homogeneous components are shown to be the same as in 
the classical case. The existence of a volume form is proven. 
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1 Introduction 



The theory of quantum groups provides numerous examples of g-deformed 
coordinate rings of spaces with group action. Originally initiated by S. L. 
Woronowicz there exists by now a rich theory of covariant differential calculi 
over these comodule algebras. 

In A. Connes' more general concept of noncommutative geometry [Con95j 
spectral triples and in particular the Dirac operator are central notions. One 
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deals with a representation of an algebra B on some Hilbert space Ti and 
with an operator D : Ti — ► 7i such that the commutators db := [b, D], 
b E B, lead to a differential graded algebra. It has recently been pointed 
out, that the theory of quantum groups provides a large class of examples, 
so called quantized irreducible flag manifolds, which seem to fit well into 
Connes' framework of noncommutative geometry 1.1 )()2 . KraO-j . ;S W03j . 
Covariant differential calculi over quantized irreducible flag manifolds have 
been classified in [HK03bJ. There exists a canonical covariant first order 
differential calculus on these spaces, which turned out to correspond to the 
Dirac operator constructed in |Kra03 . It is therefore natural to investigate 
the corresponding higher order differential calculi. 

Higher order differential calculi have previously been studied from several 
points of view. In [SV98, [SSV99 j L. L. Vaksman and his coworkers presented 
a canonical construction of differential forms on quantum prehomogeneous 
vector spaces. As these spaces are big cells of the flag manifolds under consid- 
eration here, these differential calculi are closely related to those investigated 
in the present paper. 

An approach to noncommutative geometry modelled on classical geome- 
try and compatible with the intrinsic structure of quantum groups and quan- 
tum spaces has been put forward by T. Brzezihski and S. Majid in [BM93 , 
[BMOOJ. In this approach the notion of differential calculus is one starting 
point. A similar point of view has been adopted by M. Durdevic in |Du96j . 
jDu97j . 

In the early days of quantum groups there appeared several examples of 
differential calculi which in many respects behave as the de Rham complex 
over the corresponding commutative algebras |Wor87j . |PW89j . [WZ91 . Yet 
it became clear that imposing covariance, i.e. compatibility with a quantum 
group action, one can not expect that such a calculus exists for an arbitrary 
quantum space. Nevertheless, there soon existed a well developed theory of 
covariant differential calculi on quantum groups while for quantum spaces 
similar results have only recently been established jHer02lj . [HK03a . Apart 
from the various examples of differential calculi on quantum groups (cp. ref- 
erences in jKS97j ) and quantum vector spaces as above, only differential cal- 
culi over Podles' quantum spheres |Pod92j and Vaksman-Soibelman-spheres 
[Wel9l] have been in detail investigated. 

In the present paper differential calculi over quantized irreducible flag 
manifolds are studied in detail. Contrary to the situation for quantum groups 
and quantum vector spaces for this large class of examples the modules of 
differential forms are generally not free over the coordinate algebra. Note, 
however, that the general theory implies that being covariant these modules 
are projective. The differential calculus constructed here is a close analogue 
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of the de Rham complex over the corresponding complex manifold. As in 
complex geometry the differential d can be decomposed into the sum of dif- 
ferentials d and d. The universal differential calculus corresponding to the 
first order differential calculi d, d, and d are given in terms of generators 
and relations. The dimensions of the homogeneous components are shown to 
be the same as in the classical case. In particular the differential d admits 
a uniquely determined volume form of degree 2M, where M is the complex 
dimension of the manifold. The fibers of the differential calculi over the clas- 
sical point £ of the quantized flag manifold are shown to be isomorphic to 
well known examples of quantized exterior algebras |FRT89j . 

The organization of the paper is as follows. In Chapter |21 we mainly 
recall the relevant notions from the theory of quantum groups, quantum 
homogeneous spaces, and differential calculus. It is explained in Section 
12.3.51 how the notion of quantum tangent space introduced in [HK03aJ can 
be employed to determine the homogeneous component of degree two of 
the universal differential calculus corresponding to a given finite dimensional 
covariant first order differential calculus. 

Chapter 01 is devoted to the construction and investigation of the desired 
differential calculus on quantized flag manifolds. In Section l3~T1 the various 
quantized coordinate rings associated to flag manifolds are recalled. On the 
one hand there exist homogeneous coordinate rings S q [G/Ps] and S q [G/Pg V ]. 
On the other hand the quantized algebra of functions C q [G/Ls] on the quo- 
tient Gj L s of the Lie group G by the Levi factor L s of the parabolic subgroup 
Ps C G is considered. It is crucial, as observed in |Sto02j . |HK03b| . that cer- 
tain products of generators of S q [G/Pg] and S q [G/Pg P ] generate C q [G/Lg]. 
This observation allows the construction of first order differential calculi Fg, 
Tg, and T d over C q [G/Ls] via the construction of first order differential cal- 
culi over S q [G/Ps\ and S q [G/Pg P ] in Section I3~2l All first order differential 
calculi over C q [G/Ls] constructed in this section are also given in terms of 
generators and relations, their quantum tangent spaces are determined, and 
their dimensions are calculated. 

Finally, Section 1331 is devoted to the corresponding universal differential 
calculi Tg n , T^ u , and r^ u . Again, first the situation for Tg and T-g- is analyzed 

in detail. Then it is shown that the differentials d and d can be extended 
to the universal differential calculus r^ u . Thus one can reduce statements 
about to the corresponding statements about the the universal differen- 
tial calculi Fa., and . 

All algebras considered in this paper are unital C-algebras, likewise all 
vector spaces are defined over C. 

Throughout this paper several nitrations are defined in the following way. 
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Let A denote an algebra generated by the elements of a set Z and S a totally 
ordered abelian semigroup. Then any map deg : Z — > S defines a filtration 
T of the algebra A as follows. An element a E A belongs to JF„, n E S, 
if and only if it can be written as a polynomial in the elements of Z such 
that every occurring summand a\_„kZ\ . . . Zk, a\...k E C, Zi E Z, satisfies 
Sj=i deg(zj) < n. Instead of a E T n by slight abuse of notation we will also 
write deg(a) = n. 

For any Hopf algebra H the symbols A, e, and k will denote the coprod- 
uct, counit, and antipode, respectively. Sweedler notation for coproducts 
Aa = am <E> a<2), a E H, will be used. If the antipode k is invertible we will 
frequently identify left and right if -module structures on a vector space V by 
vh = , v E V , h E H. The symbol H op will denote the corresponding 

Hopf algebra with opposite multiplication. 

2 Preliminaries 

2.1 Notations 

First, to fix notations some general notions related to Lie algebras are re- 
called. Let q be a finite dimensional complex simple Lie algebra and f)Cga 
fixed Cartan subalgebra. Let R C h* denote the root system associated with 
({j, h). Choose an ordered basis n = {aii, . . . , a r } of simple roots for R and let 
R + (resp. R~) be the set of positive (resp. negative) roots with respect to n. 
Moreover, let q = n + ©h©n_ be the corresponding triangular decomposition. 
Identify f) with its dual via the Killing form. The induced nondegenerate sym- 
metric bilinear form on h* is denoted by (•, •). The root lattice Q = Zi? is 
contained in the weight lattice P = {A E h* | (A, a^jdi E ZVa^ E n} where 
dj := (o!j,Q!j)/2. In order to avoid roots of the deformation parameter q in 
the following sections we rescale (•, •) such that (•,•): P x P — > Z. 

For fi,u E P we will write /j, y is ii /j, — z/isa sum of positive roots and 
yU^z/ if fi y v and /j, ^ v. As usual we define Q + := {fi E Q \ fi >- 0}. The 
height ht : Q + -> N is given by ht(X)- = i n * a = Z)i=i n *- 

The fundamental weights G h*, i = l,...,r are characterized by 
(u>i,aij)/dj = 5ij. Let P + denote the set of dominant weights, i. e. the 
No-span of {uji \ i — 1, . . . ,r}. Recall that (a^) := (2(o!j, aj)/(oti, ctj)) is the 
Cartan matrix of with respect to 7r. 

For G P + let V(/i) denote the uniquely determined finite dimensional 
irreducible left g-module with highest weight /j,. More explicitly there exists 
a nontrivial vector E V(/i) satisfying 

E Vll = 0, Hv^ = fi{H) Vfl for all H E h, E E n+. (1) 
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For any weight vector v £ V(fi) let wt(v) £ P denote the weight of v, 
i.e. Hv = wt(v)(H)v. In particular wt(t>x) — wt(t> 2 ) £ Q for all weight 
vectors t>i,t>2 £ V(fi). 

Let G denote the connected simply connected complex Lie group with 
Lie algebra g. For any set S C n of simple roots define Rg := 7LS D i? 1 * 1 
and i?^ := \ R$. Let P$ and P^ p denote the corresponding standard 
parabolic subgroups of G with Lie algebra 

P5 = f)© 0a, P5 P = ()© fla- (2) 

Moreover, 

Is := & © 0a 

is the Levi factor of ps and L5 = Ps fl P^ p C G denotes the corresponding 
subgroup. Later on by slight abuse of notation we will also write i £ S 
instead of aij £ S. 

The generalized flag manifold G/Ps is called irreducible if the adjoint 
representation of ps on g/ps is irreducible. Equivalently, S = tt\ where 
a.i appears in any positive root with coefficient at most one. For a complete 
list of all irreducible flag manifolds consult e.g. |BE89( p. 27]. 



2.2 Quantum Groups 
2.2.1 Definition of U q (g) 

We keep the notations of the previous section. Let q £ C \ {0} be not a root 
of unity. The g-deformed universal enveloping algebra U g (g) associated to 
q can be defined to be the complex algebra with generators K i: K~ x , E iy F i7 
i — 1, . . . , r, and relations 



KiK^ 1 = K^Ki = 1, K i K j = K j K i , 
K t Ej = qte'^EjKi, KiFj = q A', 

K — K^ 1 
E F - F E- = 5 — — 

Qi-Qi 

l-ay / 1 \ ft) 



i-3 / 

fc=0 ^ 

1 O , 

E (-!)'( 

i— n \ 



fc=0 x x 9« 

1— a.. 



k 



k=0 V / H 



F; "» FjF? = 0, i + j, 
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where := q di and the g-deformed binomial coefficients are defined by 

fn\ _ [n} q [n-l} q . . . [n-k+l} q _ q x - q~ x 

\k) q - [l] q [2] q ...[k] q ' [Xk ~ q-q-i- 

The algebra U q (o) obtains a Hopf algebra structure by 

AKi = K, t ® K u AEi = Ei® Ki + l® E h AF i = F i ®l + Kr 1 ® F h 
e(Ki) = l, e(E l ) = 0, efti) = 0, (4) 

Kftt) = K'\ K fti) = -E t K-\ Kfti) = -KiFf. 

Let U q (n + ),U q (b+),U q (r\—),Uq(b-) C U q (g,) denote the subalgebras gener- 
ated by {Ei | % = 1, . . . ,r}, {E u K h K~ l \ i = 1, . . . ,r}, {Fi\i = 1, . . . ,r}, 
and {Fi, Ki, K^ 1 \ i = 1, . . . , r}, respectively. Moreover, for (3 G Q + we will 
write £/J(n+) := {x G £/" ? (n+) | KixKr 1 = q^^x} and t/J(n_) := {x G 
L/,(n_) | ^xKr 1 = g-(^)x}. 

2.2.2 Type 1 Representations 

For /i G P + let denote the uniquely determined finite dimensional 

irreducible left i7 9 (g)-module with highest weight fa More explicitly, there 
exists a highest weight vector t> M G \ {0} satisfying 

E iV ^ = 0, K i v li = q^ i \ for alU = l,...,r. (5) 

A finite dimensional ?7 g (g)-module V is called of type 1 if V = @ i V(fa) is 
isomorphic to a direct sum of finitely many V(fa), fa G P + . The category 
C of i7 9 (g) -modules of type 1 is a tensor category. By this we mean that C 
contains the trivial ?7 g (g)-module V(0) and satisfies 

X, Y G C => X © Y, X ® Y, X* G C (6) 

where (uf)(x) := f(n(u)x) for all w G Z7, / G X*, a; G X. 

During subsequent considerations we will meet various natural right U q (g)- 
modules. As indicated at the end of the introduction we will always endow 
a right ?7 g (g)-module V with the left f/ g (g)-action defined by 

uv := vk(u) Vm G U, v G V. 

2.2.3 The Braiding 

The category C in Section 12.2.21 is a braided category. Unfortunately the 
relevant section in our main reference KS97 ( 8.3.3] lacks notational consis- 
tency. To be able to derive additional properties of the braiding we recall its 
construction in some detail. 
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Recall that the dual pairing (-, •) : U q (b+) x U q (b-) op — > C of Hopf algebras 
[KS93 6.3.1] remains non-degenerate when restricted to U q (n + ) x U q (n^) op 
and satisfies (a, b) = for all a G U^(n + ), b G [/r"(n_), /i ^ u. Let 
C/3 G U{?(n+) (S> U~P(r\—) denote the canonical element with respect to (•, •), 
i.e. C/3 = ai®h where {a^} is a basis of U q 3 (n + ) and (a*, bj) = 5ij. Define 

m-.= (Kp®!)^- 1 ® 1)C P 
/3eQ+ 

where U+(q) and O"+(0)®f7+(g) are defined in |KS97l 6.3.3]. There exists an 
automorphism <3> of the algebra 0+ (g)®Uq (g) such that 

§(Ki ® 1) = ^ (8) 1, $(1 <g> HQ) = 1 <g> Ifi, 

$(F, ® 1) = £i ® Kr 1 , $(l <g, £!.) = Kr 1 ® E h 

$(F <g> 1) = F 4 ® $(1 <g> Fi) =iCi<8) F*. 

One verifies that 9^ and $ satisfy the properties stated in |KS971 Theorem 
8.18]. We suggest first to check the corresponding properties of 

For all V,W G C the action oi 9\ on V ® W induces a {7 9 (g)-module 
isomorphism 

R V>W :V ®W ®V, R v>w := t o B v>w (m(v ® w)) (8) 

where r denotes the twist r(t> ® to) = u> <g> v, and Byy/{v ®w) = q^ ,u 'v ® w 
for weight vectors v G V and w G W of weight /i and i/, respectively. The 
family (Ryw) defines a braiding in C. To simplify notation we will also write 
R/i,is '■= Rv(n),v(iy) if /i, ^ G P + . 

Remark 2.1. An explicit formula for 9t is given in |KS97l 8.3.3, above 
Thm. 18]. Note that the braiding R is uniquely determined if one demands 
that (JBJ) is a {7 9 (g)-module homomorphism satisfying 

R v ,w(v ®w) = g ( wt (^),wt(»)) w ^ v + J2wi®Vi (9) 

i 

where wt(iu) >- wt(wj) and wt(uj) >- wt(t>). Indeed, if f max G V is a highest 
weight vector then Rv,w( v max ® w ) is uniquely determined by © for any 
it; G W. The property of being a C/ ? (g)-module homomorphism then fixes 
R v ,w on all of V <g> W. 



G C/+(0)®C/ g + (0), (7) 
G C7+(0)®C7+(g) 
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For this reason (JJJ should coincide with the explicit expression in (KS97, 
8.3.3]. It is straightforward to check that coefficients of the terms Ei <g> of 
the two expressions are identical. Coefficients of higher order terms of the 
explicit expression of will not be used in this paper. 

2.2.4 Restriction of the Braiding to U g (ls) 

Let S C 7r and let t$ '■= [ta> ^s] C denote the semisimple part of [5 C ps C g. 
Define U q (ts) and U q (ls) to be the Hopf subalgebras of U q (g) generated by 
the sets {K jt K~\ E jt F j \j G S} and {K h K~ l , Ej, F 5 \ j G S, i = 1, . . . , r}, 
respectively. 

As above the tensor category C £ of type 1 representations of U q (tg) is 
braided with braiding Ry W . Moreover, let (•,•)« denote the uniquely de- 
termined bilinear form on the weight lattice corresponding to 65 such that 
(a, (3)$ = (a, 0) for all simple roots a,j3 G S. 

The following Lemma will be used only in the proof of Proposition 13.111 
at the very end of this paper. 

Lemma 2.2. Let V = V(y) and W = V(n) be irreducible U q (g) -modules and 
let V = V(i/) C V and W = V(fi') C W be irreducible U q ({ s )-submodules. 
Let pv : V — > V and pw '■ W — > W denote surjective U q (ls) -module homo- 
morphisms satisfying p\ = p v and p\^ = pw, respectively. Then 

{pw®Vv)Rv,w\vi®w> = q^^-V'rt'&vw, 

where the highest weight vectors of V and W have weight v — 71 in V and 
H — 72 in W , 71,72 G Q + , respectively. 

Proof. In analogy to (J7J) one has an element 

(^®l)(« _1 ®l)C^GC7+(«5)®t/ 9 + (fi5) 

I3&SDQ+ 

and linear maps 

B^, tW , : V ® W -»• V ® W, v®w^ q Mi v g> w 

where V, W G C e and v and w are weight vectors of weight /i and u, respec- 
tively. Then for all t)' 6 7', w' 6 W one obtains 

(Pw ®Pv)Rv,w{v' ®w') = to B V)W (p v ® p w )(9\(v' g) w')) 

iroV^V^')) 

= B wy o {B^y,)- 1 o r o B l v , w ,{VK\v' (g w')) 

= B wy o {B^y.y 1 o Rv ftWf (v' <g> to'). 
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Note that by definition of 71 and 72 one has (u— 7i,ct;) = (1/', ai)t and 
(/i— 7i,«j) = (//, for all ctj G S*. Now the claim of the lemma follows 
from 

(z/-7i-/3i,/i-7 2 -/3 2 ) - O'-ft, ^'-&)« 

= (z/-7i,/i-7 2 ) - (/?i,/i-72) - (f-7i>&) + (A, ft) 

- (z/,//) t + (ft,//)t + Kft)e - (A, ft)* 
=0-71^-72) - (^',^')« 

for allft,/3 2 G □ 
2.2.5 i?-Matrices 

To write coordinate algebras of quantized flag manifolds in terms of gener- 
ators and relations it will be helpful to introduce additional notations for 
certain special cases of R. For A = X^s^i se ^ N := dimy(A) and abbre- 
viate / := {1, . . . , N}. Choose a basis {v{ \ i G /} of weight vectors of V(X) 
and let {fi\i G /} be the corresponding dual basis. Define matrices R, R, 
R~ and R~ by 

R\,x(v i ®v j ) =: Rij v k®v u R- WoX - Wo x(fi®fj) =■■ R%h®fi> 

R- Wo x,x(fi® v j) =■ R ~ij v k®fh R^-woxfaQfj) =: 

k,lel k,iei 

Alternatively 

(fi®fj)°Rx,X = ^ R ufk®fh {Vi®Vj)oR_ WoX _ WQX = 2j RkiVk®V h 

k,iei k,i£l 

(fi®Vj)°R~w \,\ = ^2 R ~M V k®fb {Vi®fj)°Rx,-w X = R ~k\fk®V h 

k.iei k.iei 



where the elements of V(X) are considered as functional on V(X)*. Let R~, 
R~, R and R denote the inverse of the matrix R, R, R~ and R~, respectively. 

By (JZj) the matrix R has the property that R^ 7^ implies that % = 
l,j — k or both wt(vj) ^wt(vfe) and wt(f/) ^wt(fj). Therefore we associate 
to R the symbol < which denotes the positions of the larger weights. Similar 
properties are fulfilled for the other types of i?-matrices. For example, the 
relation R~ % k \ 7^ implies that i = l,j = k or both wt(ffc) ^wt(fj) and 
wt(vj) £wt(i>j). We collect these properties in the following table. 
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R 


R~ 


R 


R~ 


R 


R~ 


R 


R~ 


< 


> 


V 


A 


> 


< 


A 


V 



(10) 



2.2.6 The g-Deformed Coordinate Ring C q [G] 

The g-deformed coordinate ring C q [G] is defined to be the subspace of the 
linear dual U q (g)* spanned by the matrix coefficients of the finite dimensional 
irreducible representations V(p), /i G P + . For v G V(/jl), f G V((i>)* the 
matrix coefficient c^ v G U q (g)* is defined by 

cUX) = f(Xv). 

The linear span of matrix coefficients of V(fi) 

C v ^ = Lhic{cf >tl | v G / G VQi)*} (11) 

obtains a f/ g (0)-bimodule structure by 

(Yc^ v Z)(X) = f(ZXYv) = J} ZtYv (X). (12) 

Here V(ji)* is considered as a right U q (g) -module. Note that by construction 

C,[G] = C yM (13) 

is a Hopf algebra and the pairing 

C q [G)®U q (g)^C (14) 

is nondegenerate. 



2.2.7 Quantum Homogeneous Spaces 

We recall the class of quantum homogeneous spaces considered in [MS99 . 
Let U denote a Hopf algebra over C with bijective antipode k and K C U 
a right coideal subalgebra with right coaction A% : K — > K ®U '. Consider 
a tensor category C of finite dimensional left [/-modules. By this we mean 
that C is a class of finite dimensional left [/-modules containing the trivial 
[/-module via e and satisfying 

Let A := Uq denote the dual Hopf algebra generated by the matrix co- 
efficients of all [/-modules in C. Assume that A separates the elements of 
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U. Assume further that the antipode of A is bijective. Note that this is 
equivalent to 

X eC^X g C 



where *X = X* as a vector space and (uf)(x) := f(n 1 (u)x) for all u G U, 
f EX,xeX. 

Define a left coideal subalgebra B C A by 

B := {6 G -4 | 6(i) 6 (2) (k) = e(k)b for all keK}. (15) 

Assume to be C-semisimple, i.e. the restriction of any [/-module in C 
to the subalgebra K C U is isomorphic to the direct sum of irreducible i^- 
modules. In full analogy to |MS99[ Thm. 2.2 (2)] this implies that A is a 
faithfully flat £>-module. 



2.2.8 Categorial Equivalence 

Assume B A. to be a left coideal subalgebra of a Hopf algebra A with 
bijective antipode and define B + := {6 G B \ e(b) = 0}. Then A := *4./£> + .A 
and A := *4/AB + are right and left A-module coalgebras, respectively. Let 
■qM. and AM denote the category of left ^4-covariant left £>-modules and of 
left ^4-comodules, respectively. Recall that for any coalgebra C the cotensor 
product of a left C-comodule P and a right C-comodule Q is defined by 

PD C Q := < ^Pi®qi eP®Q ^Pi( )<s>Pi(i)®gi = ^2,Pi®qi{-i)®qi{<d) 

I i i i 

There exist functors 

$ : £m -> *m, $(r) = rys+r, 

* : -^m — ► gM, = ^n^v. 

Here for any T G the left ^4-comodule structure on T/B + T is induced 
by the left ^4-comodule structure of V. Moreover, the left £>-module and the 
left ^4-comodule structures of .AD^-V are defined on the first tensor factor. 

Theorem 2.3. [Tak79, Theorem 1] With the notions as above suppose that 
A is a faithfully flat right B-module. Then $ and are mutually inverse 
equivalences of categories. 
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Remark 2.4. (i) The functor $ is equivalent to $' : -§A4 — ► ^.M defined by 

$'(r) : = c °^4® e r) 

Oj ® p,; Oi(i)Pi(_i) ® 0i( 3 ) ® Pi( ) = 1 ® Oj ® Pi 

i i i 

where the left ^4-co module structure on coA (A % T) is given by 

(Oi(i) ® pi). 



a. ® Pi J = « 1 (ai(2)) ® (c 



The isomorphism ^(.A^gF) — > r/£> + r is defined by £\ a-jCgipi i— > ^ e(oi)pi 
To verify injectivity note that ^(^l®^ T) = {re(p(_i)) ® p( ) | p G T}. 

(ii) The functor \l/ is equivalent to W : — > defined by 



^r'(y) : = (A®V) 



CO A 



:= < ^di^Vi G A®V ^ ^(1)0^(0) ®Oi( 2 )«(fi(-l)) = ^ ^0^(8)1 > ■ 
\ i i i ) 

Here the left S-module and left ^4-comodule structure on \&'(V) is given by 



a»(2) <s> 



for all 6 G £ and J2i ai®ViE(A® V) coA . 

(iii) In the situation of Theorem 12 .HI the coalgebra A is cosemisimple. 
Therefore any T G gM is a projective left £>-module. 

2.3 Differential Calculus 

2.3.1 First Order Differential Calculus 

For the convenience of the reader the notion of differential calculus from 
|Wor89j is recalled. A first order differential calculus (FODC) over an algebra 
B is a £>-bimodule T together with a C-linear map 

d:B^T 

such that T = Lhic{ad6c | a, b, c G B} and d satisfies the Leibniz rule 

d(ab) = adb + dab. 
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Let in addition A denote a Hopf algebra and A B : B — > A® B a left .A- 
comodule algebra structure on B. If T possesses the structure of a left A- 
comodule 

A T : T -> .4 ® r 

such that 

Z\ r (adfec) = (Z\ B a)((Id® d)Z\ B 6)(Z\ B c) 

then T is called /e/t covariant. 

For a family of left covariant FODC (Tj, dj) i= i v .. j fc define d = ®^ dj : B — > 
0,- Tj. Then T = £>di3 C (BiYi is a covariant FODC with differential d which 
is called the sum of the calculi Ti, . . . , F^. 

If V C B is a subalgebra and (r, d) is a FODC over B then (r|x>, d|x») 
defined by 

T\ v := {adb\ a,b E £>}, d\ v (a) := da VaGD, 
is a FODC over X> called the FODC over T> induced by Y. 

2.3.2 Higher Order Differential Calculus 

A differential calculus (DC) over B is a differential graded algebra (r A = 
© ieNo r Ai ,d) such that T A0 = B and T A is generated by B and dB. The 
product of a DC will usually be denoted by A. Assume that B is a left A- 
comodule algebra over a Hopf algebra A. Then a DC (r A , d) over B is called 
(left) covariant if T A has the structure of a (left) 4-comodule algebra such 
that (r A1 ,d| B ) is a (left) covariant FODC. 

The universal DC of a FODC (r, dr) over B is the uniquely determined 
DC (r A ,d u ) over B with T A1 = Y and d u \s = dr satisfying the following 
defining property. For any DC (r A ,d) over B with T A1 = Y and d|# = d r 
there exists a map <p '■ T A — > T A of differential graded algebras such that 
0|#®r = Id. To construct (r A , d u ) consider the tensor algebra T® = r® fc 
of the i3-bimodule Y. Then T A is the quotient of by the ideal generated 
by dctj ® dbi \ aidbi = 0} and the differential is defined by d u (a dai A 
• • • A da n ) = dao A dai A • • • A da n . 

2.3.3 Right Ideals and Quantum Tangent Spaces 

From now on we assume K C Z7 to be a right coideal subalgebra and £> C A = 
XJq to be the corresponding quantum homogeneous space as in Subsection 

E2Z3 

In this situation left covariant first order differential calculi over B are 
in one-to-one correspondence to right ideals 1Z C B + satisfying A B 1Z C 
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A ® 7Z + B + A <8> £> |Her02j . The right ideal corresponding to a covariant 
FODC T is given by 

n = { £ ( a i) b t | ai dbi = °} C B+ ( 16 ) 

i i 

where b + = b — e(b) for all b G B. Conversely, to construct the FODC Y 
corresponding to 7Z consider the S-bimodule structure on F := A ® (B + /1Z) 
given by 



c(a <2> b)c' = cac'^ ® 6c' (0) , c,c'EB,b£ B + , a G A (17) 

and the differential d : B — > T, d6 = (g> 6is. Then one obtains T by 
r = Linc{&i d&2 | bi, 62 G £>}. This implies in particular 

^2 a i^i = ^2 a M-V ® K(o) G A ® 71. (18) 

i i 

To a FODC T with corresponding right ideal TZ one associates the vector 
space 

Tp = {/ G i3* I /(ar) = for all iGK} 
and the so called quantum tangent space 

T r = (T £ ) + = {/ G T r £ I /(l) = 0}. 
The dimension of a first order differential calculus is defined by 

dimT = dime T/B+T = dim c B + /7l. 
Let B° denote the dual coalgebra of B. 

Proposition 2.5. |HK03at Cor. 5] Let B C A be as in Subsection \2.2. ? 
Then there is a canonical one-to-one correspondence between n- dimensional 
left covariant FODC over B and (n + 1) -dimensional subspaces T £ C B° such 
that 

e G T £ , AT £ C T £ ® B° , KT £ C T £ . (19) 

A covariant FODC V 7^ {0} over B is called irreducible if it does not 
possess any nontrivial quotient (by a left covariant £>-bimodule). Note that 
for finite dimensional calculi this property is equivalent to the property that 
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Tp does not possess any left iCinvariant right £>°-subcomodule T such that 
C • e £ f £ Tf. 

Let T be a sum of finite dimensional covariant FODC Fi, i = 1, . . . , N, 
over B with corresponding right ideals TZi . Then the right ideal corresponding 
to T is given by TZr = HiTZ^ and therefore the relation Tr = Tr 1 + • — h Tr h 
of quantum tangent spaces holds. A sum of covariant differential calculi is 
called a direct sum if T = ©jTj is a direct sum of bimodules. This condition 
is equivalent to Tr = ©jTrv 



2.3.4 Induced Covariant FODC 

Using quantum tangent spaces it is possible to identify induced covariant 
FODC. 



Proposition 2.6. HK03a, Cor. 9] Let B C A be as in Subsection \2lT7 



and let T be a finite dimensional left- covariant FODC over A with quantum 
tangent space T. Then T\ B is finite dimensional if and only if KT\ B is finite 
dimensional. In this case the quantum tangent space of Y\q coincides with 
KT\ B . 

Lemma 2.7. Let B C A be as in Subsection \2.2. 7\ and let Q denote a finite 
dimensional covariant FODC over A with corresponding right ideal TZq and 
quantum tangent space Tq. Assume that the induced FODC F over B is 
finite dimensional with right ideal 1Z and quantum tangent space T . Then 
the following properties are equivalent: 

(i) T = Tq\q. 

(a) n = n n nB. 

(Hi) The canonical map A <S>b T — > Q, a ® 7 > is injective. 

Proof. The canonical map A £g>e T — > Q of left covariant left ^4-modules is 
injective if and only if the restriction 

coA (A® B T) ^ coA tt (20) 

to the space of left coinvariants is injective. Recall from |Wor89| Thm. 5.1], 
[HK03a| Lemma 6] that there exist pairings 

(■,-) n :QxT n ^C, (adb,t) n =e(a)t(b), (21) 

( v ): rxT^C, (adb,t) = e(a)t(b), (22) 
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which induce nondegenerate pairings 

coA Q xT n ^C, coA {A ® s r)xT^C. (23) 

Now, (|2nj) is injective if and only if Th separates coA (A ®^ r). In view of the 
nondegeneracy of the second pairing in (f2*3*|) and Proposition 12 .61 the latter is 
equivalent to T = Tn|s- Therefore (i) is equivalent to (iii). The equivalence 
between (i) and (ii) holds by duality. □ 



A2 



2.3.5 Determining T 

Quantum tangent spaces can also be employed to obtain information about 
higher order differential calculi. Let Q, T, Tq, and T be as in Lemma f2. 71 In 
analogy to (|2"Tj). (}2"2"j) there exists a pairing 

((•, ■)) : A ®b r ®b r x T n <8> T -> c, 

((a ® p ® C, s ® t)) := e{a){p, s+ } ) n s (1) (C ( -i))(C(o), t). (24) 
In particular 

((a ® db ® dc, s ® £}) = £(a)s(6 + c ( _i))t(c (0 )). (25) 
To verify that ((•,-)) is well defined note that 

(ad&c, s)n = (ad (6c) - afedc, s)n = e(a)s(b + c) = (adb, sj))n«(i)(c) 
and therefore 

(pc, s+ 0) ) n s ( i)(C(-i))(C(o),<) = (P, sj } )n S(i)(c)s {2) (C(-i))(C(o), *) 

= (P> sjj) n s ( i)(c ( _i ) C(-i))(c(o)C(o), 



Lemma 2.8. Lei B <Z A be as in Subsection 2.2. 7 and Zet f2 ; T ; Tq, and T 
be as in Lemma pT7| Assume T = Tq\q. Then the pairing ((•,•)) induces a 
nondegenerate pairing 

coA {A®b?®bT) x (T n ®T)/T ^C, (26) 
w/iere T = {£. Si ® G T n ® T | £\ 4(o)\b ® = in S° <g> 

Proof. Note first that 

((a ® d& <g) dc, s ® £)) = ((«(o(i)6(_i)C(_i))a( 2 ) ® d6 (0) ® dc( ), s <g) t)}. 

By definition (J2*4*|) the pairing ()26)1 is well defined and by (|23|) the elements 
of (T n ® T)/T are separated by co ^(„4 ® B T <g> e T). 



16 



Conversely, recall that T is a projective left i3-module by Remark l2.4f iii). 
By Lemma f2. 71 one obtains a canonical inclusion 

i%r® B rcfi® B r = fl^i%rcn^o. 

Via this inclusion one identifies «(o(_i)6(_i))®da(o) ® dfe(o) G (^4®gr®er) 
with /?(&(_!) )cjl (a) ® d6(o) G fiC^sT and with a;i,(a + &(_i)) ®wl(&(o)) G fic§uf2 
where Ul(cl) = «(d(i))da( 2 ) for all a G A 
Recall IWor891 p. 164] that the pairing 

((;■)) : coA (n®{l) x (T n ® c T n ) ^ c, 

((co L (a) ®uj L (b),s<8 t}) = s(a)t(b), a,b G A 

is nondegenerate and compatible with (|26p. Therefore 

^ «(oi(_i)6i(_i)) (g) doi(o) ® dbi( ),s (g> tyy = for all s E T n , t e T 

i 

implies ((^^(^^(-i)) ® w l(^(o)), s <g> £)) = for all s,t G Th, and hence 

^2u L (afbi^i)) uJ L (bi( )) = 0. 

i 

□ 

Corollary 2.9. Let B C A be as in Subsection \2.2. 7| and Zet f2, T, Tq ; T, 



and T be as in Lemma \EIR Assume that TB + C B + T . Then 

dim c T = dim c T(dim c T n - dim c T). 
Proof. By Lemma 12.81 and the Remark I2.4( i) one gets 

dim c (T n <g> T)/T = dim c ( coA A ® B T ® B T) = dim c (r ® e r)/(£ + r ® B T). 
The inclusion r£> + C B + T implies that the canonical map 

(r ® B v)/{B + v ® B v) -> r/s+r ® c r/s+r 

is an isomorphism. Therefore dime To = (dime Tq)( dime T) — (dimT) 2 . □ 

Corollary 2.10. Let B C A be as in Subsection \2~2~l[ and let Q, T, T n , T, 

and T be as in Lemma \2. M Then the pairing \2b}) induces a pairing 



{A® B ?u 2 ) x Line | J] si® U G T n ®T X s ^ gT |/ T o^ C ( 27 ) 

which is nondegenerate when restricted to coA (A ® B T^ 2 ) in the first compo- 
nent. 
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Proof. Note first that Tf = T® 2 /A where A C T® 2 is the left S-submodule 
generated by {J2i^- a i ® G T® 2 | '^2 i a i db i = 0}. It suffices to show that 
with respect to the pairing ()24|) one has 



Assume that Y2i a i^i = 0- Then 

^ -^e(oi)*i(6i(-i))*i(6i(0)) 

Hence flTp^l implies that J?. Sj®tj G (.A®/? A)- 1 if and only if s 3 ^- G T. □ 



3 Differential Calculus on Quantized Irreducible 
Flag Manifolds 

In the previous Section we have recalled basic notions and developed the 
general theory necessary for the investigation of covariant DC on quantum 
homogeneous spaces. Now we turn to the concrete example of quantized 
flag manifolds. We first collect some facts about the corresponding algebras. 
Then using the tools from the previous section the canonical covariant DC 
over irreducible quantized flag manifolds is constructed and investigated in 
detail. 



3.1 Quantized Flag Manifolds 
3.1.1 Homogeneous Coordinate Rings 

The quantized homogeneous coordinate ring S g [G/Ps] of a generalized flag 
manifold G/P$ is defined to be the subalgebra of C q [G] generated by the 
matrix coefficients {c) Vx \ f G V(X)*}, |TTP94] . jT7Rfl2] . |TT91| . [Sol92j . where 
v\ is a highest weight vector of V^(A). As a f/ (? (g)-module algebra S g [G/Ps] is 
isomorphic to ©,^L V(n\)*, where A = J2 s <£s Us ' endowed with the Cartan 
multiplication 

V(m\)* ® V(n 2 \y -> V({m + n 2 )X)*. 
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Recall that the subspace V(2A) C V(A) (g> V(A) is the eigenspace of R\ t \ with 
corresponding eigenvalue g( A,A ). It is known ( |TT91j . |Bra94j ) that S q [G/Ps] 
is quadratic, more explicitly 

S q [G/P s ] = C(h, ...Jn)/{J2 ^kifkfi - <i X - x \l)fj) 

k,iei 

where R, N, I are as in Section 12.2.51 Similarly the dual quantized homo- 
geneous coordinate ring S q [G/Pg P ] of G/Ps is defined to be the subalgebra 
of C q [G] generated by {c~]°* | v G V{\)} where /_ A G V{-w X) = V{\)* 
denotes the lowest weight vector dual to v\. In terms of generators and 
relations one has 

S q [G/P° p ] - C(v u . . .,v N )/{ R>kVi - q^ViV,). 

The U q (Q)-modu\e structure of S q [G/Ps] and S q [G/Pg P ] is given by identify- 
ing the generators {fi\i G 1} and | i G /} with the bases of V(A)* and 
V(A) chosen in Section 12.2.51 For notational reasons in what follows suppose 
that v x = v N and f\ = f N . 

3.1.2 The Subalgebra SJG/P 5 ]^ =1 C C q [G] 

The tensor product S q [G/Ps]c '■= S q [G/Ps] ® S q [G/Pg P ] can be endowed 
with a £/q(g)-module algebra structure by 

Vifj ■= q (X ' X) J2 ^kih ® «i- (28) 
fc,/eJ 

To simplify notation the tensor product symbol will be omitted in the follow- 
ing. The algebra S q [G/Ps]c admits a character e defined by e{vi) = e(fi) = 
5iN- Note that 

i£l i,h,l€l 

is a central invariant element of S q [G/Ps]c with e(c) = 1. The quotient 
S q [G/P s ]£* ■= S q [G/P s ]c/(c-l) isZ-gradedby deg/, = 1, degv, = -1. Let 
Sg[G I Ps}^ 1 C S q [G/ Ps}^ 1 denote the homogeneous component of degree n 
with respect to this grading. 

Lemma 3.1. The U g (o) -module algebra S q [G/ Ps]^ 1 is isomorphic to the 
Uq(s) -module subalgebra of <C q [G] generated by the matrix coefficients c^ VN , 
c~J^ A ; / G V(A)* ; v G V(X). The isomorphism is given by 

f i-> c) c~T X - 
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Proof. The torus C[K U Kr 1 \ % = 1, . . . , r ] c U g (g) acts on C q [G] by 



K-i > c /,« ~~ c f,KiV 



The eigenspace decomposition with respect to this action induces a Z-grading 
on the subalgebra A C C 9 [G] generated by the matrix coefficients c^^, c~J^ A , 
/ G V(A)*, u G V(A). More precisely, A = neZ A n where 

A n = Lin c {cf . fc c-%° A | k, I > 0, A; - I = n}. 



Note that Lin c { C ^c^ oj/ | / G G = where 

and v WQV denote a highest weight vector of V([/,) and a lowest weight vector of 
V(i/)*, respectively. Therefore the relation g (A ' A; ] ^i^ y i &I {R~)ti c ) k , VN c v™fN = 
1 implies that A n can be written as a direct limit 

A, = lim V(kX)* ® 7((jfe - n)A). 

of vector spaces. By construction the homogeneous components [G/Ps]^ 1 
of 



n=0 

allow the same presentation. □ 

3.1.3 Quantized Flag Manifolds in Terms of Generators and Re- 
lations 

Lemma 13.11 implies that the subalgebra S^G/Ps]^ 1 is isomorphic to the 
subalgebra A^ C C q [G] generated by the elements z^ := c / ilVlv c u-7/jv' ^ 
follows from 



—woXX 



klel 

that the following relations hold in A^: 

P 12 R 23 zz = 0, P u R 23 zz = 0, C v z v = !> (3°) 

where P := (R - g( A > A )ld), P := (R - g( A ' A )ld), C H := £ i6j 0R~)f,, and le S" 
notation is applied in the first two formulae. Thus, explicitly written the 
first two equations of (|3*Uj) take the form 

Epv f} mk z z+t — P kl R jm z- z * — n 

- 1 nm 1L pt ^np^tl — u ; / 4 1 mt ll np *m"pt ~ u - 

m,n,p,t£l m,n,p,t£l 
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Let A^ denote the free algebra C(z^) divided by the ideal generated by the 
relations (j3*Uj) . It follows from the Yang-Baxter-Equation that the left U q (g)- 
module homomorphisms 

V(n\y ® V(n\) -> A{, f h ... f ln v n . . . v jn ~ 

(n-l n-k \ 'l—Ws— 

-Rn+fc-/,n+fe-/+l | Zfcih • • • Z kn i n 

k=1 1=1 f kih...k n ln 

ll,...,ln 



V{n\)* ® V(nA) - V((n + 1)A)* ® V((n + 1)A), / n . . . . . . v jn ^ 

g (n + l)(A,A) ^ / JJ ^- fc)fe+i \ /fJW ^ 

fci,...,fc n \fc=l / mk\...k n l 

i,l,m 

are well defined. Thus one obtains a surjection 

A = \jmV(n\y ® V(nA) -> A*. 

Note that since A C C g [G] the iso typical components of the U q (g)-modu\e 
limV(n\)* ® V^(nA) are finite dimensional. As the homomorphism A^ — > A|, 

I— >■ % is surjective and A^ = limV(nA)* ® V(nA) this yields A^ = A'. 
Define 

C q [G/L s ] = {ae C q [G] | o (1) 0(2) (A:) = e{k)a VA; e K}, (31) 

where if := ^([5) is the Hopf subalgebra of U g (g,) generated by the elements 
{Ki, K~ l , Ej, Fj I j E S, i = 1, . . . , r}. By construction CJG/Ls] is a left 
Cq[G]-comodule algebra containing A^. The following proposition was proved 
in IBB] , |HK03b| . 

Proposition 3.2. A^ = CJG/Ls] as left C q [G]-comodule algebras. 



3.2 First Order Differential Calculus over C q [G/L s ] 
3.2.1 Notations and Conventions 

From now on we assume that G/Ps is an irreducible flag manifold, in particu- 
lar S = {<y s }, X = uj s for a fixed s G {1, . . . , r}. To simplify notation, the iso- 
morphic C g [G]-comodule algebras C q [G/L s ], A g x , and A^ will be denoted by 
B. By definition of C q [G/ Lg] the algebra B is a quantum homogeneous spaces 
in the sense of 12.2.71 Further, define Jm := {i e J | (a> s , a> s — ct s — wt(t>j)) = 
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0}. Note that the elements of Im label a basis of the ^([^-submodules 
V(w s )(i) := Lin c {f G V(w s ) | wt(u) = w s - a s - (3, (3 G Q, (cu s , 0) = 0} C 
K(w s ) and V(a? s )* 1 ) := Lin c {/ G V[u s y | wt(/) = -cu s + a s + /3, /3 G 
Q,(u s ,P) = 0} C V(c<j s )*. As in 13.1.11 assume that = v Ua is the high- 
est weight vector of V(u s ) in the basis {vi \ i G J} chosen in 12.2.51 

Fix a reduced decomposition of the longest element of the Weyl group. 
Let Ep, Fp, (3 G R + , denote the corresponding root vectors in U |CP94[ 8.1], 

[K52Z16.2]. _ 

Finally we introduce the abbreviation M := dinics/ps = i^Rg- 



3.2.2 FODC over S q [G/P s ] 

In analogy to the construction of B via S q [G/Ps] one can obtain covariant 
FODC over B by first constructing covariant FODC over S q [G/Ps]- Consider 
the left S q [G/Ps) -module r + generated by elements dfc, i G I, and relations 

o-ijfidfj = if ^ (Hjf&fj e ^(//)*cF(u; s )*<g)V(u; s )*, « 7^ 2w s , 2o; s -o; s . 

As the subspaces F(2u; s ) and K(2u; s — a a ) of V(a; s ) <g> V r (a; s ) are uniquely 
determined by the respective eigenvalues and — g(^,w s )-(o s ,a s ) Q f 

these relations are equivalent to 



/id/i = VA;,ZGJ (32) 



where as above P = (R - g( w *^«)ld) and Q := (P + g K.^)-K,a s ) I( j)_ T h e 
left module r + can be endowed with an SjG/Psj-bimodule structure by 

dfifj = ^ i$/ fc d/,. (33) 

fc,ze/ 

Indeed, it follows from the Yang-Baxter-Equation for R that this right mod- 
ule structure is well defined on r + . As Linc{d/j} = V(u s )* the bimodule T + 
inherits a {7 9 (fl)-module structure. 
Define a linear map 

d : S q [G/P s ] - r + 

by d(/i) := dfi and d(afe) = da b+adb for all a, b G S^fG/Pg]. To verify that d 
is well defined note first that for J2i,j^i a ijfi®fj e ^0")* c V r (cj s )*, 
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fi ^ 2uj s ,2uj s - a s , one has V , ; , "ijIAIj = J2i jei^ij^fi fj = 0- Moreover, 

if Ei, je i a ijfi ® fj e v ( 2uj * - a *y c v (^y ® v? ( w -)* then 

Yl a vQklfk ® // = 
i,j,k,lel 

and therefore 

^ Oyd/i ./• + r, ( ,/,<l/. = ^ ay (g^) •—' /-' + Id)^ ./,<!/, = 0. 



3.2.3 FODC over SJG/P; 



sjc 

One can use r + to construct a covariant FODC (T +)C ,<9) over S q [G/Pg]c as 
follows. The left S q [G / Psjc-module 

r +iC : = s s [g/p 5 ] c ®5 9[G/ p s] r + ss s 9 [g/p° p ] ® c r + 

can be endowed with a right S'JG/Psjc module structure by 

= Yl &kWdfi. (34) 

k,lEl 

The differential 9 : S q [G/Ps]c T+,c defined by 

dfa) = 0, = dft 

and Leibniz rule is well defined in view of (|2*8j). (pMl) . 
There exists a pairing 

(.,.):r +iC ®yK) ( i)->C, (35) 
(wd/,1;) := £(«;)/(«) for w G S 9 [G/P 3 ]c, f <= S q [G/P s ] 

where e and V{ui s )(i) have been defined in 13.1.21 and 13.2.1] respectively. To 
verify that (•, •) is well defined note that (fidfj,v) ^ implies wt(/j) = — u s , 
wt(/j) = -u s +a s +P, (P,u s ) = 0, but then fi<S>fj G V r (2cj s )*©V r (2cj s -a s )* C 

Equations (|2^ . (jS ^ . and Ij33 j) imply 

<9ci; fc = v k dc, dcf k = q^^fkdc, df k c = cdf k + (q {a ^ - l)f k dc. 

(36) 
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3.2.4 The FODC F 



Let A C r +j c denote the subbimodule generated by dc, (c — l)r +) c, and 
r +i c(c — 1). Then T +i c/A is a covariant FODC over S q [G / -Ps]c =1 which by 
(jHEJ) as a left module is generated by dfi, i & I, and relations (jH21) and dc = 0. 
As e{yi) 7^ if and only if Vi = and /jvCf) = for all v G V{uj s )(\) one 
obtains {dc,v) = for all v G V(u s )^. Therefore the pairing 

(,):r + ,c/A®%)( 1 )^C (37) 

induced by (|33j) is well defined. Let Tq C r + c /A denote the FODC over 
B C SglG/Ps}^ 1 induced by r+, c /A. 

Proposition 3.3. (%) As a left B-module Tq is generated by the differen- 
tials dzij, i,j G /, and relations 

PuQuR^zdz = 0, (38) 
P 3A R 2 3zdz = 0, (39) 

E c v dz v = °- ( 4 °) 

(ii) The right B-module structure ofTg is given by 

dzz = q (as ' a ^R^ 3 R 12 R^R 23 zdz. (41) 

(Hi) dimTa = M. 

(iv) T 9 B+ = B + Y d . 

(v) The quantum tangent space ofTg is Linc{F/3 1 (3 G R^}- 

Proof. Note first that the relations (|38 )) -([4i p hold by construction in the 
£>-bimodule Tq. Thus, by (l4*Tj) Tq is generated by {dzij\i,j G /} as a 
left i3-module. Moreover, by (jBIJ) the restriction of the pairing (|3Tj) to 
Lmc{dziN | i G /(i)} x V{uj s ){\) is nondegenerate. Therefore one obtains 
dimr,9 > dim c V(u s )^ = M. 

To prove (i)-(iii) consider the left S-module T' d generated by elements 
dz^, i,j G /, and relations (|38|) - (j4*U|) . By the categorial equivalence Theorem 
12.31 it suffices to verify that dime T'q/B + T'q < M. To this end note first that 
(f3HJ) multiplied by R^ 4 , the relation e(%) = 5iNO~jN, and (fTUJ) imply 

R{^ n Zi m dz n i G B + T' d for all i, j, k,l G / such that I ^ N. 

m,n£l 
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In particular one obtains 

dzja G B + T' a for all k, I G I such that I N. (42) 
Moreover, one calculates 
q^^C u R^R 12 R^R 23 zdz 

^ C 34: R2 3 Ri2R23Zdz 

=0 by 

= g2 (, srt )-(a sA ) Ci ^-^ 23 ^ 

IP g («..«.)-(«.,a.)(7 la ^ 

S <T^> a ^z. (43) 
Here, the third equation follows from the relations 

C23-R12 = C12-R23; C23-R12 = C12-R23 (44) 

which hold as the braiding induced by the action of the universal i?-matrix 
is a natural isomorphism. In view of (JHJ) and (fTTH) Equation (f4*3*J) implies 

( 5 2(wt(«0-wt(iy),u,.) _ q -(*s,a s )j dz ,, & g+jv for &n ^ J £ j (45) 

The relations (021) and (g5J) lead to 

dzy G B + Y' d ilj^Noxi^ /(i). (46) 

This proves dimT^ = dime T' d /B + Y' d < dime V(uj s )^ = M. 

We now prove (iv). By the third relation of (J3*U|) the ideal B + G B is 
generated by {zij \i ^ N or j ^ N}. Equation (j4*T|) and (fTUj) imply that 
dz^Zki can be written as a linear combination of elements z mn dz pt where 
wt(ffc) >- wt(t> m ) and wt(t>/) y wt(t>„). This proves TqB + C B + Yq. The 
converse inclusion follows similarly from zdz = g~( Qs ' Qs ) R^R^R^^zdzz. 

To prove (v) let T denote the quantum tangent space of Tg. Recall from 
|HK03al Lemma 6] and Remark I2.4IT J that the pairing 

r 9 /6 + r 9 xT^c, (dbj)^f(b) 

is nondegenerate. Moreover, by [HK03bl Theorem 7.2] there exist pre- 
cisely two non-isomorphic covariant FODC of dimension M over B. The 
corresponding quantum tangent spaces are Tq = Linc{-F/3 1 (3 G Rg} and 
Tq = Lincji^g \(3 G R$}- As Tq- vanishes on all z iN , i G Im, relation (J4T?)) 
implies T ^ Tq. □ 
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3.2.5 The FODC Tg 

There exists a second covariant FODC Tq over B of dimension dimg/ps- 
This calculus can be obtained from a covariant FODC over S q [G/Pg P ] in 
the same way as Fq has been obtained from T + . In analogy to T + a left 
S q [G/Pg P ] -module T_ can be defined by generators dv iy i E I, and relations 

Y,[PQ]"v i dv j =Q V*,ZeI, (47) 

where as before P = (R - q("^Id) and Q := (P + 9 ( w »^*)-(«-^-)ld). The 
left module T_ can be endowed with a SjG/P^-bimodule structure by 

Defining the differential d : SJG/P^ 13 ] — > T_ by d(%) = df« and the Leibniz 
rule one obtains the desired covariant FODC over S q [G/Pg P ). To construct 
a covariant FODC (T- t c,d) over S q [G/Ps]c consider the left S q [G/Ps]c- 
module r_c := S q [G/P s ]c ®s q [G/p° p ] r - - S q [G/P s ] ®c r_. Then T_ c can 
be endowed with a right .SJG/Pgjt module structure by 

dvtfj = q< u «* ^RrZfkdvL (48) 
k,iei 

The differential 9 : S q [G/Ps]c —> T-,c is defined by 

= o, = d Vi . 

and Leibniz rule. There exists a pairing 

(,):r_ > c®y(a; a )J 1) -^C, (49) 
(wdv, f) := e(w)f(v), for w G S q [G/P s ]c, v G 5 9 [G/P 5 op ]. 
In analogy to (|3lj|) one has 
dcf k =f k dc, dcv k =q-( a °> a ^v k dc, dv k c=cdv k + (q-^'^-l)v k dc. (50) 

Let A C r_ c denote the subbimodule generated by dc, (c — l)r_ c , and 
T_ ) c(c — 1). Then r_ 5 c/A is a covariant FODC over S q [G / Ps}^ 1 which as a 
left module is generated by dvi, i G /, and relations (|37j) and 9c = 0. Again 
the pairing 

(,):r_ >c /A®V(a,,)fo->C (51) 

induced by is well defined. Let C r_ ; c/A denote the FODC over B 
induced by r_c/A. 
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Proposition 3.4. (i) As a left B-module Tq is generated by the differen- 
tials dztj, i,j G /, and relations 

P-uQ-u^zdz = 0, (52) 
P 12 R 23 zdz = 0, (53) 
Cijdzij = 0. (54) 

(ii) The right B-module structure ofTg is given by 

dzz = q- ias ' as) R^R 12 R^R 23 zdz. (55) 

(Hi) dimTg = M. 

(iv) F d B+ = B + T^. 

(v) The quantum tangent space ofY-Q is hvct^Ep \ f3 G R~$}- 

Proof. The proof is performed in analogy to the proof of Proposition 13.31 
The following remarks may be helpful. Let denote the left fi-module 
generated by elements dZij, i,j G /, and relations ()52 |) -([54 )) . Then relation 
(|53*)l implies dzij = Y^kei z ikdzkj and therefore 

dz ki G B + T'g for all k, I G / such that k N. (56) 

Similarly to ()43jl one calculates 

q^^C 34 R^ 3 R 12 R 3A R 23 zdz = q^^dz 

which in view of fjlOj) implies 

□ 

3.2.6 The FODC T d 

To obtain a g-deformed analogue of classical Kahler differentials over C[G/Ls] 
we consider the sum 

T d := T 9 + Tg. (57) 

Corollary 3.5. (%) — Tq © in particular as a left B-module is 
generated by the elements dzij,dzij, i,j G /. 
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(ii) dimr d = 2M. 



Y d B + = B + T d . 

Proof. Recall that a sum of covariant FODC over B is direct if and only if 
the sum of their quantum tangent spaces is direct in B°. Now all statements 
of the corollary follow from Proposition 13.31 and 1.141 □ 

3.3 Higher Order Differential Calculus 

The aim of this subsection is to determine the dimensions of the homogeneous 
components of the universal DC r^ u , T^ u , and corresponding to the 
covariant FODC Tg, Tg, and r<j, respectively. As in the previous subsection 
we first focus on Tg. 

3.3.1 The Differential Calculus T^ u 

Recall from Proposition I3.3f iv) that B + Tg = TgB + and hence Tq u /B + Tq u 
is an algebra generated by Vg := Yg/B + Yg. For i G 1^ let x,- t G Vg denote 
the equivalence class of dz iN G Yg. Note that Vg is an irreducible if-module 
isomorphic to V(u 8 )%\ with one- dimensional weight spaces. Therefore each 
irreducible i^-module in Vg ® Vg occurs with multiplicity < 1. Hence the 
following notion makes sense. An irreducible -fT-submodule of Vg®Vg is called 
(anti) symmetric if the weight vectors of the corresponding classical U(lg)- 
module are (anti)symmetric. Let Vg®Vg = SgQ)Ag denote the decomposition 
into the symmetric and antisymmetric subspaces. 

In order to describe the algebra Yq u /B + Yq u in terms of generators and 
relations it is useful to consider the —No-filtration Tt on the vector space 
V(tu s )* {1) ® V(u s y {l) defined by 

n n (V(LU s )* (1) ® V(lu s )* {1) ) = Un c {Epf N ® E 7 f N \ max(ht(/3), ht( 7 )) > -n} 

where ht(^^ =1 n^i) = Y2i=i n i- Moreover, we introduce the following nota- 
tion: for any (3 G Rg set Xp := Xi where i G J(i) and wt(/j) = wt^^/jv)- 
Consider the totally ordered abelian semigroup 

Af = {(k, ni, . . . , rik) | k G No, rii G — N, rii < rijW i < j} 

with the lexicographic order. The sum of two elements of M is defined by 

{k,nx, n k ) + (I, mi, ... , mi) = (k + 1, r x , . . . , r k+l ) 
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where r 1; . . . , r^+i are the numbers n./-, m 1; . . . , mi in increasing order. 

The filtration TC induces an A/"-filtration on the algebra Tg u /B + Tg u defined 
by 

deg(x 7 ) = (l,-ht( 7 )). (58) 
This filtration will also be denoted by Ti. 

Proposition 3.6. (%) The algebra Tg u is generated by the elements Zij,dzij, 
i,j G I, and relations < f3^) -([7?l), and 

Qi 2 R2sdz A dz = 0, PsAdz Adz = 0. (59) 
(ii) The algebra Tg u /B + Tg^ u is isomorphic to Vq /(Sg). 



(Hi) In the associated graded algebra Gr w r^ u /i3 + rg u the following relations 
hold: 

x p A x 7 + g (/3 ' 7) x 7 A x p = for all /3,7 G R% s. t. ht(<y) < ht(/3). 

(raj T/ie set {x^ Ax i2 A- ■ -Ax ik \ i\ < i 2 < • ■ ■ < ik} is a basis ofTg k u /B + Tg k u . 
In particular dim Tg k u = (^) • 

Proof, (i) Recall that by construction Tg u is the quotient of the tensor alge- 
bra rf by the ideal generated by 

dai eg) dbi yj Oj^fej = 

i i 

By Proposition !3.3lT j . fii) this ideal is generated by 

{PnQn^dz <8> dz, PuR2zdz ® dz, dz®dz + q {a °' as) R^RuR^R^dz ® ^} 
and therefore coincides with the ideal generated by 

{Qu^dz <S> dz, P M R 23 dz <S> dz}. 

(ii) We first prove that dimr£ 2 u = M(M - l)/2. Let T^ C U q (g) denote the 

right coideal generated by {KpFp \ [3 G R^}- Let Q denote the left covariant 
FODC over A with quantum tangent space Tq = (T^) + . By Proposition 
E£3tv) the space Tq\b = Tg is the quantum tangent space of Tg. By Propo- 
sition E23 one has Q\b = Tg and therefore Corollary 12.101 can be applied. 
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By Corollarv l2.9l and Proposition l3.3f iv) one obtains dinicT = M(dinic Tq— 
M). On the other hand consider the linear map 

m : Tq <g> To — > U-/Tg, s (g> £ i— > st 

where Z7„ = U q (g)/U q (g)(K + + U q (b) + ). If f3 1} ...,(3 M denote the elements of 
/.' s then by IIK03I.. Prop. 5.2] the map m satisfies Im(m) = Lincfi^-Fg | i < 
j} and hence dim Im(m) = M(M + l)/2. By Corollary 12 . 1 ( II this implies 

dim r£ 2 u = M(M - l)/2. (60) 

By the first equation of (J5T?j) and (fTUj) the generators Xj of Tq^ u /B + Tq u satisfy 
the relation 

/J Qfci^fe A = for all i, j G I. 

k,iei w 

For Q : = Lin c {J] fc)/e/(1) Qu x k ® e /} C Va (8) Kg by (JSJ) one has 

dim c Q < M(M + l)/2 = dim c ^a. Moreover, both S a and Q are K- 
submodules of Vg (g> Vq. Therefore it suffices to show that the dimension 
of any weight space of Sq does not exceed the dimension of the correspond- 
ing weight space of Q. 

For any element Ylij^i a ijfi ® fj e V(^s)* C V(u a )* <g> V(u s )* where 
Ojj G C one has 

a ^Mfk ®fl= q^\l + q~^) ft ® /j 

i,j,k,l£l 

and therefore 5^ ij - e j 1 ® ^ G Q- For /3, 7 G -R^ one calculates 

tf^C/V ® /at) =E 7 (q-( a °> a *V 2 E p f N ® /at + /at ® ^/at) 

=q-( a ^E 1 Epf N ®f N + q-^ a °V 2 Epf N ® ^/at 
+ qV } rt-( a "°"V 2 E y f N ® ^/at + /iv ® ^/iv 

n 

+ ^a ij Ef k f N ®Ep i f N (61) 

i,i=l 

where in the last term G -Rj such that max(ht(/3j), ht(/3j)) > ht(/3) and 
the complex numbers a^- depend on /3 and 7. Then (J61|) implies that for every 
/3,7 G -R^ with ht(7) < ht(/3) there exists G ^(V^s)^ ® V^)^), 
n < — ht(/3), such that 

Xp ® X 7 + g (/3 ' 7) X 7 <g> Xg + f/3, 7 G Q. (62) 
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This implies that the dimension of any weight space of Sg does not exceed 
the dimension of the corresponding weight space of Q. 
(hi) follows immediately from ()62|) . 

(iv) By (ii) the assertion holds for k < 2. Moreover, (hi) implies that 
the set {x^ A Xi 2 A • • • A Xi k \ i\ < 12 < ■ ■ • < ik} generates the vector spaces 
Tg k u /B + Tg k u . By the diamond lemma it suffices to prove the claim for k = 3. 
To this end define Vg := Tg/B+Vg = V(u s ) {1) and let Vg ® Vg = Sg © Ag 
denote the decomposition into the symmetric and antisymmetric subspaces. 
By |HK 03b. Cor. 6.7] the graded vector spaces V^ 1 /(Ag) and C[x\, . . . ,%] 
are isomorphic. Thus one has 

dim^Ag ® Vg + Vg ® Ag) = — 

The canonical pairing between V(u s )*^ and V(u s )^ induces a nondegenerate 
pairing of ^-modules 

V® 3 g, ^ c> (^"g^"') g (y"'®y"®y') ^ a/(y Vfe 'V'V'O . 

With respect to this pairing the equation 

S 8 ®V a nV d ®S a = (Ag <g> Vg + Vg ® Ag) X 

holds. Therefore 

dim c (Sa ® Va + Va <8> Sg) = 2M dim c Sg - dim(S 9 ®VgC\Vg® Sg) 

„ . fM + 2\ [M\ 
= M*(M + l)-( 3 ) = ( 3 j 

which by (ii) implies the claim for = 3. □ 

3.3.2 The Differential Calculus 

0,U 

The situation for T-g- is completely analogous. By Proposition I3.4f v) one 
has B + Tg = TgB + and hence T^ u /B + T^ u is an algebra generated by Vg := 

Tg/B + Tg. For i G /(i) let G 1% denote the equivalence class of dzm G Tg. 
Moreover, we use the following notation: for any (3 G Rg set yp := yi where 
i G /(i) and wt(/*) = wt(Epf N ). 

As in the proof of Proposition 13.61 let © 1% = «% © Ag denote the de- 
composition into the symmetric and antisymmetric if-submodules. The al- 
gebra r^ u /£> + r^ u can be endowed with an A/"-filtration defined by deg(y 7 ) = 
(1, — ht(7)). The proof of the following Proposition is a word by word trans- 
lation of the proof of Proposition 13.61 



M + 2 
3 
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Proposition 3.7. (i) The algebra is generated by the elements Zij,dZij, 
i,j G I, and relations J2IJ> ; (E^-JZSJ) and 

PwRwdz Adz = 0, Q 34 R 23 dz A dz = 0. (63) 

(ii) The algebra T^JB + T h ^ is isomorphic to V^/(Sq). 

(Hi) In the associated graded algebra Gr w r^ u /£> + r^ u the following relations 

hold: 

VP A Vl + g~ (/3 ' 7) i/ 7 A yp = for all /3,<y G R% s. t. ht( 7 ) < ht(/3). 

r/ie se£ {y 4l Ay h A • • • Ay { J z'i < z 2 < • • • < i k } is a basis ofT^JB + T^ k n . 
In particular dim = ( A fc f ) . 

3.3.3 Extending 9 and d to r£ u 

Our next aim is to obtain results for analogous to Propositions 13.31 and 
13.41 To this end we first show that the decomposition = Tg © Tg induces 
differentials d and d on T^ u such that d = d + d also holds in higher degrees. 

Proposition 3.8. There exists a uniquely determined linear map d : — > 
such that 

(i) d{&) <zTq <zT& and d\& coincides with the differential d considered in 
Section UJ\ 

(ii) d(da) = —d(da) for all a G B. 

(Hi) (I~d iU = ieN() T^ u , d) is a differential graded algebra. 
The map d satisfies dd = —dd. 

Proof. Uniqueness holds as B and dB generate the algebra T^ u . To prove 
existence the following auxiliary lemma is needed. Let T^e and T^p denote 
the intersection of ker e with the right coideal of U q (g) generated by {Ep \ [3 G 
R%} and {KpFp \ (3 G Rlj}, respectively. By (JIJ) the sum Tfi — Tq e + Tap C 
U q (g) is direct. Moreover, Tq is the quantum tangent space of a left covariant 
FODC Q over A such that Q\ B = T d . Let tt^e, ^n,F ■ T n = Tn :E ®Tn :F — > T n 
and n E , Tip : T = Tg Q) Tq ^ T denote the canonical projections onto Tq E , 
Tn t F, Tg, and Tg, respectively. Recall the pairings fl2H) and (jUJ). 

Lemma 3.9. The pairings 

(;■): r d x t -+ c, ((-, ■)) : ^ ® e r d ® e r d x ® r -> c 
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satisfy the relations 

(da, t) = (da, 7i>t), (da, t) = (da, 7Te£) , (64) 

((da (8 p, s <8> t)) = ((da ® p, vr QjF s <g> t)), (65) 

((9a <g> p, s (8) £)) = ((da <g> p, 7rn i£ ;s <g> t)) , (66) 

((p <8 9a, s (8) t)) = ((p (8 da, s <g> vr F t)), (67) 

((p ® da, s <g> t)) = ((p ® da, s ® n E t)) (68) 

for all a G B , p G T d; s G Th, t ET. 

Proof of Lemma \S. .91 To prove (|64j) recall that by (|4~E|) and Proposition 13. 3f i) 
da G Linc{9z,Ar | % G /(i)} + £> + r,9 for all a E B. 

Moreover, (}56|) implies 9z.yv G i3 + Td if i G J(i). Therefore using Corollary 
I3.5f i) and dzny = dz^ — dz iN one obtains 

da G Lincjd^Ar | i G + £> + ra for all a & B. 

Since (7r F t) (zjjv") = for all z G im this implies (9a, TiEt) = and hence 

(da, t) = (da, irpt) for all a G £>, t G T. 

Analogously one obtains 

(9a, t) = (9a, ir E t) for all a G B, t G T 

which yields ()64j) . The remaining formulae follow from (|E4*|) and the definition 
(J231) using 



□ 



We continue with the proof of Proposition 13.81 The first step to prove 
existence of the map 9 : T^ u — > is to show that 

9 : Tg u -> r^ 2 u , 9(ad6) := 9a A d6 — a d96 (69) 
is well defined. Assume that ajd&j = 0. Then £\ aj96j = and hence 

^(9aj A d&i — a,iddbi) = ^(9aj A dfej + da, A dbi) 

i i 

= ^2(2dai A dbi + dai A dbi + da { A dbi). 
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Observe that {^2^(28^ A <%, + da,-, A dbi + ddi A dbi) \ ajdfej = 0} is a left 
.4-subcomodule of T^ 2 U . Thus by Corollary 12 .101 it suffices to show that 

^2(((2dai A dbi + d&i A 96* + da { A <%;), <g> %)) = (70) 

whenever £\ ctjd&j = and ^ . s^-tj G T. By Lemma 13.91 the left hand side 
of (f7H|) is equal to 

2j((daj A dfoj, s_j (8) i,- + 7r n)J ?Sj <g> Tr^i,- - 7Tn iB s 3 - <g> ir E tj)). 

As J^j^^FSj^Ftj, ^2j7Ta,ESj7TEtj G T whenever J^ . Sjtj G T, the relation 
da, A d6j = implies (ffHjl and therefore (ffiHj) is well defined. 
To verify that d is well defined on it suffices to check that 

^ ddcii A d6j — ddj A <9d&i = 

i 

whenever J^ajdfej = 0, <2i,&i G £>. This follows from 

dda Adb-daA ddb = -d(da Adb- addb) = -d(d(adb)) 
for all a,b G B. 

The property ddp = —ddp for all p G k u is proved by induction over k. 

Next we show that (d o 9)| B = 0. To this end we calculate the adjoint 
operators of d and d with respect to the pairing (|27jl. Assume that ^ . Sjt^ G 
T, Sj G Tq, t,- G T, then 

d(adfe), ^ Sj (g) t,-^ = <^da ® d&, ^ s 3 - ® t,- 
j j 

^ ^ s j( a+6 (-i))*j( 6 (o)) 

i 

= 53s J -(a6(_ 1 ))t J -(6( )) - e(a)sjtj(b) 
j 

and hence 

'dp,^ Sj ®^)) = ^s j (p ( _i ) )(p (0 ),tj) - (p,J2 s ^) ( 71 ) 
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for all p G Similarly, for all a,b G B, using Lemma f3. 91 one obtains 
d{adb), ^ s j ® ^)) =((<9a A do + da A db - d(a<%), Sj ® t/ 



da (g> do, y~](7r^ ; jrgj (g> i,- + Sj (g> ttf^-) 



- $^ s i( a (-i) fo (-i))( a (o)<9o(o),^) + (adb^Sjtj 

j j 

® 5^ 7Tn,FSj (o(_i)6(_i)) (o(o)d6( ), tj) 
j 

- (adb, Y][(irn^Sj)tj + Sj{n F tj) - ir F (sjtj)] 

j 

This leads to 

d 2 a, sj ® = J3 7Tu,FSj{a hl) )(da { o), tj) 
j 

da, y~][sjtj - 7in,ESj7iEtj + nn,FSjTr F tj - ^ F {sjtj)} 
j 

^7rn,FS i (a(_ 1) )7r F t i (a ( o)) - ( da, ^ irn, F SjTr F tj) = 



J 3 

It remains to prove d 2 p = for all p G T^, > 1, which is obtained by 
induction over k. Assume d 2 u = then using dd = —dd one gets 

<9 2 (da Aw) = <9(-d<9a A u - da A duo) = d(d 2 a) A u + da A d 2 uo = 0. 

□ 

Remark 3.10. For the map d : T^ n — > defined by d := d — d one 
immediately obtains properties analogous to Proposition 13.81 Moreover, one 
verifies that dd + dd = 0. 

3.3.4 The Differential Calculus r£ u 

Now we are prepared to write the algebra T du in terms of generators and 
relations and to calculate dimT^ for all k. By Propositions I3.3f v) and 
I3.4( v) one has B + T d = T d B + and hence F du /B + T^ u is an algebra generated 

by r d /£ + r d = T d /B + T d © Tq/B + Tq. Recall that for (3 G we write xp 
and yp to denote the equivalence class of dziN G Tg and dzm G Tg for 
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suitable i G In), respectively. The algebra T^ U /B + T2 U can be endowed with 
an A/"-filtration defined by deg(x 7 ) = (1, — ht(7)) = deg(y 7 ). As before this 
A/"-filtration will be denoted by Ti. 

Proposition 3.11. (i) The algebra r^ u is generated by the elements Zij, 

dz^, dzij, i,j G /, and relations (ESP - fiTty , $5Ej) ~ lEBj) , 

and 

dzAdz = -q- {a °' as) T^ 34 dzAdz + g (^)-K><*») z C 12 T^ 34 dzAdz (72) 

where T{~ 2M = R^R^RzaRiz- 

(ii) The algebra T^ u /B + T^ u is isomorphic to {Vq(&Vq)® / (Sq+ Sq + J) where 
J C (Vg (g> Vq) © iy-Q® Vg) is the subspace spanned by all expressions of 
the form 

yi^xj + q^^-^^ Yl K~%*k®Vi, (73) 

(Hi) In the associated graded algebra Qh-hT^J B + T^ n the following relations 
hold: 

ypAy 7 + <T (/3 ' 7) y 7 A yp = 0, 
xp A x 7 + q^'^Xry A xp = 

for all (3, 7 G R§ such that ht(j) < ht(/3) ; and 

yp A x 1 + q~^ ,1 'x 1 A yp = 

/or a// /9,7 G -Rj. 

For a// G No t/ie canonical map 

r^/i3 + r^; u ® i^/B+r* _> r£/B+r£ (74) 

an isomorphism. In particular dim r^* = ( 2 ^ f ) . 

Proof, (i) By Corollary 13.51 the algebra is generated by the elements 
z^, dz^, dz^, i,j G I. Moreover, Propositions 13.31 and 13.41 imply that the 
relations (JHHJ) - (jS} and (JH2*|) - (jHHjl hold. Applying d and 9 one obtains (jHHjl 
and (jnni- 111 the following we verify ([72^1. 
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Using ({H} and applying C23-R34 to and C 23 R l2 to (J53J1 one obtains 
for D := CR the relations 

-D 2 3-2 <9z = 0, D 23 z dz = dz. 

Leibniz rule for d yields D 23 dz z = and D 23 dz A dz = D 23 z ddz. Thus one 
gets 

ddz = D 23 d(zdz) = D 23 (dz Adz + dzA dz). 

With the abbreviation T1234 = R 23 R\ 2 R 3i R 23 using (jUj) and (JH5|) this leads 
to 

ddz 2 = £> 23 (d2 A 92 + dz A dz)z = D 23 T U56 T 12U {zdz Adz + zdz A dz) 
= D 23 R^ 5 R 3i R 23 R 12 R^ 6 R i5 R 34 R 23 (zdz Adz + zdz A dz) 
= R 23 D 3i Ri 2 R§ & R^R 3A R 23 {zdz Adz + zdz A dz) 
= R 23 Ri 2 R 3i D^R 23 {zdz Adz + zdz A dz) 

= T 1234 zddz (75) 
where the relations 

D\ 2 R 23 R l2 = D 23 , D\ 2 R 23 R 12 = D 23 
have been used. Now d is applied to (jUJ) which leads to 

ddz z-dzAdz = q {aa ' as) T 12U dz Adz + q {as ' as) T 1234 zddz. 
In view of (fTHjl multiplication by T{ 23A yields 

(1 _ q(.w)) z ddz = T{ 234 dz Adz + q {as ' as) dz A dz. (76) 
Application of C\ 2 leads to 

q-(u„jj,)(i _ gfa^jddz = C 12 T{ 23A dz A dz. 

Inserting this formula in ()76jl one finally gets the desired Equation (|72p. 
Now Propositions I3.6f iv). I3.7f iv) and (|72|) imply 

dim rf/A<( 2 f) 

where A C Tf 2 denotes the £>-bimodule corresponding to the relations (|59jl . 
()63)l . and (J72j) . Let denote the left covariant FODC over A defined in the 
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proof of Proposition 13.81 Recall that Q\ B = T d and Tq\ b = T and therefore 
Corollary 12.101 can be applied. By Corollaries 12.91 and 13. 5lT iii) one obtains 
dime To = 2M(dimc Tq — 2M). On the other hand let Pi, ... , (3m denote the 
elements of R^. By [HK03b, Prop. 5.2] the linear map 

m : Th <8> T -> U/T, s®t^ st. 

satisfies Im(m) = Lin^Fp.F^ , EpF^, Ep.Ep. \ i < j, (3,^ G Rg} and there- 
fore dim Im(m) = 2M(2M + l)/2. By Corollary EZ01 one obtains 

dimr- = ( 2 f). (77) 

This implies rf 2 /A = T^ 2 U and completes the proof of (i) as is a quadratic 
algebra. 

(ii) The algebra T^ u /B + T^ u is generated by the elements Xi,yi, i = 
1, . . . , M, and the relations induced by (p)9"j). (jED), and (|72*jl . It has already 
been stated in Proposition 13 . 61 and Proposition 13. 71 that the relations induced 
by (}59|) and (}63|) are obtained by setting Sa C Vq ® Vq and Sq C Vq ® Vq 
equal to zero. On the other hand (|TU|) and (J72*j) imply that (J73"|) vanishes in 
r^ u /^ + Pj u . By (|77jl there can be no more quadratic relations. 

(iii) The first two relations of (iii) have already been stated in Propositions 
13.61 and 13.71 In view of (fTU|) and the definition of the filtration 7i the last 
relation follows from (f73|) . 

(iv) By Equation (JHE1), fU), and (JZ2J) the vector space r£ u /£ + r£ u is a 
quotient of the tensor product (T^ u /B + Tg^) <g> (r^ u /£> + r^ u ). Moreover, 
the map (|74p is an isomorphism if and only if there exists a product A 
on (Tq u /B + Tq u ) <S> (r^ u /yB + r^ u ) which extends the algebra structures of 
T^JB + T^ U and T^JB+T^ and satisfies (JZ3J. Existence of the product A 
follows from Lemma l2~2l and the naturality of the braiding (JHJ) of U q ([ls, Is])- 

□ 

Remark 3.12. (i) For q = o n , s = 1, and q = sl„ the algebras Tq u /B + Tq u 
are well known examples of quantized exterior algebras |CP94t Def. 7.4.4], 
|FRT89j . 

(ii) Propositions EIHiv),|Il;iv), andlUfiv) imply that /B + T^f is 
a one dimensional trivial i^-module. Thus is a free left £>-module gen- 

erated by one left coinvariant element. In contrast the covariant differential 
calculi Tq and do not admit a volume form. 
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